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PURPOSE
To study further the synchrotron motion discussed by
Gumowski and Reich.l In particular, a hamiltonian approach

is used and applied to the determination of a radio frequency

regime to maintain constant bucket size.

- Operated by Universities Research Association Inc. Under Contract with the United States Atomic Energy Commission
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GENERAL
Symon and Sesslerzlgive the basis for a hamiltonian for-

mulation of the longitudinal motion assuming that coupling
between betatron and synchrotron motion may be neglécted. A
particle with energy E travels along an orbit of length 27R(E)
where R(E) is the equivalent radius. An equivalent angular
variable 6 is defined such that

ds = RdH, (1)
where ds is an element of arc length along the orbit. If E
is the electric field

g-‘::= oF. (2)

In addition an angular fregquency w is introduced so that

%% = W, (3)

Following Symon and Sessler? a canonical variable is intro-

duced (here a more customary definition is used involving

angular frequency instead of revolution frequency)

= dE
P:ja—. (4)

The equations of motion then become
P = eRE (5)

0 = w. (6)



-3~ TM~304
2000
5000

SINGLE GAP EXCITATION AND SPACE CHARGE EFFECTS

Symon and Sessler2 treat the case of multiple gaps.

Here, for simplicity only a single gap is introduced. Thus

t e g q.
v . 9o an(e
£ =g &(6) sin f Vgpdt - R2y2 Tt o (ema) (7)

where the approximation for the space charge electric field
mentioned in Gumowski and Reich® has been used. According

to Nielsen and Sessler3

gp = 1 + 2 1n<%§) (8)
for a beam of radius a between plane parallel plates whose
~gap is G.
®
§(B) = %F + % g cos né (9)
and

t

t t
. _1 ) . ! - e -
cos nd sin f wRth =3 31n\ée+[ wRth) 51n(n6 [ wRth) . (10)

For convenience the radio frequency angular frequency is
written as

Wpp = hws (11)

where h is the harmonic number. Since it is expected that

6 = uw = u the only term that is approximately stationary

SI
'gives for the electric field

2
€9 _ arte)

R2Y2 do

E = -—V_ s} ”/he—ht at) - (12)
= ~yR sin| W
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The equations of motion, Egs. (5) and (6) become

2
. t ec’g
= eV i fhe- _ %% 9 , are)
P = -5 s1n(he hj wsdt) 2 35 (13)
Y
A _ dE
b=w=g" (14)

Partial integration yields the hamiltonian

eV t eczgo
H=E(P) - 5Th COS(he“‘hJ‘ wsdt + 5 * )\(e).’ (15)
Ry

TRANSFORMATION FROM LABORATORY SYSTEM (P,6) TO (W,¢)

A rotating coordinate system is introduced through the

~generator
S(W,8) = hW @ - Itwsdt>. (16)
Then
P =35 = nw, (17)
=35 = no - hjtwsdt. (18)

The new hamiltonian is given by

2 |
ecg,h
K=H+25 =8() - hoW - 5= cos ¢ + ——=>— A(9) (20)
s 21h RYZ

‘.'.

where A(¢) follows from A(§)d6 = A(¢)d¢.

The equations of motion become

2
ec g.h
» eV : 0 dx (¢)
W= —-5— sin ¢ - . (21)
2mTh RY2 d¢ !
« . dE _
¢ =h FF hw, (22)
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REFERENCE MOTION
Choose
o _ _ev .
WR =~ sin ¢R (23)
=hi - 24
dn \wR Wy (24)
(&
. (dP)P=hwR. (22)

SYNCHROTRON MOTION

Motion about the reference motion may be found from the

~generator
S(J,9) =_¢(WR+J), (26)
Thus
_ 95 _
W = 55 = WR+J, (27)
38 _ .
¢ = =3 = new coordinate. (28)
If E(P) is expanded
dE 1 /3% 2 . 1% 3
E(P) = ER + ("'d"ﬁ') AP -+ 5(-——2-) AP + "6—(—-—3') AP b (29)
R ap R dap R

Then, with AP = hJ, the new hamiltonian becomes

2.2 1 = 3.3

1
5 U)Rh Jo + -é' th J ws\h (WR'I‘J)

R =E, + thJ +

2
ec g,h
eV . 0]
- 3—=—(cos ¢ + ¢ sin ¢,) + ——=— * A(¢) (30)
2Th R Ryz
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where w w! are clear from Egs. (25) and (29).

R’ R
The terms depending only on time may be altered without

changing the motion. Hence if
¢2 = '"--(bRI (31)

the hamiltonian may be written as

_ 1l n3.3 1 2.2 _
R = A wph™J™ + 5 Wgh™J™ + (wR ws)hJ
Y ) eczgoh
h 21Th[c°5¢ - cos¢, + (9-¢,) s1n¢R] + e < A9, (32)

ADIABATIC APPROXIMATION

Although the hamiltonian R contains the time, if these
time varying functions are slowly varying with respect to the
revolution period of the J-¢ motion, then the hamiltonian may

be treated as a constant of the motion. In particular if ¢R'

Vv, wé are constants then Eg. (24) gives Wp = Ug and
_ 1 w,. 3.3 1 +.2.2 eV _ _ .
R = ngh J- + inh J EEH[COS¢ cos¢2 + (9 ¢2) 51n¢R]
eczgoh
+— A (9). (33)
Ry

FIXED POINTS

For a conservative hamiltonian fixed points for the

motion occur at
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. 3R _ eV e-crz-‘i"oh dx (¢)
J = "“"’a = m(s:.nd) - Sln¢2) = RY2 ' d¢ = 0, (34)
8 [{] 1
b = 5% = % th3J2 + thzJ = 0. (35)

Reasonable space charge distributions A(¢) are not expected to
yield an electric field at the fixed points. Thus if A'(¢) is

zero at the points determined by Egs. (34) and (35) the fixed

points are:

J ¢ J ¢
2w§
Stable 0 ¢R "hw""T 1T-'¢R
' 2w§
Unstable 0 n—¢R -Emg ¢R
Transition energy occurs at wé = 0. Below transition wé >0
and 0 £ ¢, < m/2. Above transition w, < 0 and /2 £ ¢_ £ T.
R R R

Far from transition the bucket characterized by the second
pair of J-¢ points is outside of the vacuum chamber. Near
transition, however, both buckets are needed to specify the

motion.

R
dropped for general simplicity. Adiabatic solutions will be

Following the usual custom, the term in w_, will be

used below transition and above transition. A nonadiabatic
change in the phase ¢R is made through transition to connect
the two solutions. For a linearized treatment passing through

transition in which mg is omitted, see Courant and Snyder.4
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The effect of the w% term is considered by Symon and Sessler2

and by Kolomensky and Lebedev.5

SPACE CHARGE DISTRIBUTION

Gumowski and Reichl consider several forms for the space
charge distribution. In this note only the case of a uniform
distribution in the J~¢ space will be considered.

Thus

A(9) = 203, (9) (36)

where Iy is the value of J on the separatrix. Equation (33)

becomes
1 2.2 oV 2eczgoch
R = Swph®3® - EFH[COS¢ - cos¢, + (¢‘¢2)Sln¢R] + '_;;3——_Jb(¢)'
(37)

BUCKET

On the separatrix R = 0. Therefore, if one sets
/ﬂ]w' B
Y = “5%1—* J, (38)

2
2TC gooh S

s = 5 — (39)
Ry mh|wg |V

and

Eg. (37) becomes

y2 + 28y - {cos¢ - cosqb2 + (¢—¢2) sin¢R] = 0. (40)
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If one defines the bucket factor
1 (%2
aldp,8) = 775 ydé, (41)

1
where ¢l is a solution of Eg. (40) for y = 0, then using Eq.

(39) one has for the number of particles in the bucket.

¢
_h {?2 _4/2 RV 2
N = = f Ap)do = = - ;;5 Y Sa(¢R,S). (emu) (42)

¢

CONSTANT AREA BUCKETS

For the reference particle

V sin ¢p = 2mR% &) . (emu) (43)

Hence the relation for N becomes

2 )
N = 272 | R_, glﬁﬁi_QQ-stu(¢ /S), (emu) (44)
Th r 2 R
P Moc

where rp is the classical proton radius.
If the momentum spread of the injected coasting beam is

+*Ap, then the bucket area required to contain this beam is
A = 47RAp = 4ﬂ% * pc I (exrg—-sec) (45)

In a constant bucket area regime this area must equal that of

h accelerating buckets. Thus

2
geMOc YRV

TR 6(¢p.,S),  (erg-sec) (46)
K
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where
2 2
Yy Y
. _ tran 'R
*R T 72 2] (47)
Ytran(YR"%
Thus
22 s o (gsS)
A _ 16 2meR“(B) R . R’ (48)
MyeR - /2mh Ytran o2 2 _ 2y "Vsin o, -
0 'Ytran YR
(emu)
Given the magnetic cycle (B} one may find YR from
2 .
B
yg =1+ (%%%gq . (emu) (49)
0

Thus for a constant A given by Eq. (45) Egs. (44) and (48) may
be solved simultaneously for ¢R and S at each instant of time.

Eg. (43) then yields the required volts per turn V.

RESULTS

The appropriate equations have been coded for numerical
evaluation in the program BUCKET. Results for the booster are
shown in the attached computer output. Ignore the columns
labeled Power and Res or see TM-302 for explanation. Above
transition S is replaced by -S in Eq. (39). Outputs for

3.85 x 1012

particles and a negligible number of particles
are shown. Thus the effect of space charge on the required

volts per turn (VPT) is rather small, about 2 percent at most.
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CONSTANT AREA BUCKETS FOR BOOSTER 8 GEV
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. .AMSEC) 0 EGEVY  (MHZ2)  (DEGREES) ___AMNY . : (K¥.2
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3 -n1083 1.8379n04 43.980213 57.7802 .619350 0637 G260 15.6421 .0298

3 «D1167___ __ 2.10%1R3____50.518u428 §0.0002 632259 .052% azsez 17.8776— . _nr9s82
3 +051253 2.38R050 50,945099 62.0736 647583 +0431 .02178 20.5332 .023%

3 01333 2.5TF389__  51.286992 64.0287 650108 <0352 gzg4 23.8386 ~32975
z J01817 2.987087 51.560138 65.9719 <65HE0Y 0282 0319 28,6690 02972
3 +71573 3.28F984 51 =T7ROUGR 61,7444 655824 -0223 G3EL 37.4068 02943
3 1523 3.607958 £1.959253 69.639¢4 L655u57 0182 L0437 67.9252 02986
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3 a02333 _ 64312343 ____ S2,658570_____ 138.0306 522844 ____ _,0197 0203 35.8649. ~029%-
3 .02417 €.568465 52.608193 108.4306 L497560 .0206 .0194 34,4282 0295
2 +12500 €.82077339 52.713313 __ 10&.8248 4513798 0215 .0189 33,2286 02955,
2 .07583 r.010473 52.734575 129.2334 422701 .0226 .0186 32.1534 02955
3 <2887 T.217494  S2.752498 __ 109.£76Q 383612 .0238 L0187 31.1292_ _g29s
2 222753 7.296150 52.767502 110.17328 34079 .0253 .0190 30.0993 -029%
3 .07833 7.557318  52,779°22 110,7589 . «291354 .0271 .0196 29.0161.. 02954
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3 .73030 7.799385 52.7938037 112.3517 205328 0321 w0225 . 26.4682 02954
3 .308%2 7.836740 . 52.R04198 113.555% .156521 .0375 -0253 24,8252 02934
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